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ABSTRACT
Highly nonlinear structures exhibit complex responses to external loads, and often
become unstable. In this thesis, I consider structures with either a nonlinear geomet-
ric response or material response. Geometrically nonlinear bistable shells have two
stable configurations and can reversibly change between them via snap-through in-
stabilities. This snap-through behavior can cause large geometric deformations in
response to small changes in loading, and thus is ideal for designing various devices.
For materially nonlinear structures, one recent focus is the potential to utilize granular
jamming to construct structures. However, it is not yet fully understood how the sta-
bility of such nonlinear structures is governed by geometric and materials properties.
This thesis aims to answer this question and propose design guidelines for engineering
applications. This research will focus on the statics and dynamics of spherical shells,
prestressed bistable shells and elastogranular columns. For spherical shells, we aim
to find out under what geometric criteria can a shell be turned inside out, and as the
vii
shell goes through the snap-through instability, what dictates the shape and speed of
it. Geometric criteria to predict whether a spherical shell is bistable or monostable
is proposed based on precisely fabricated soft spherical shells. Point load indentation
tests were performed to determine how stable a spherical shell is in its everted config-
uration. The results show a distinct difference between shallow shells and deep shells,
which led to further studies on the snapping dynamics of spherical shells. High speed
videos are recorded to track the motion of the apex of an everted spherical shell dur-
ing its snap-through process, and we find that as the spherical shell goes from shallow
to deep, the axisymmetric snapping will transform into asymmetric snapping. This
change in snapping modes greatly affects the snapping dynamics of the everted spher-
ical shells, and the shapes they adopt through the instability. Besides spherical shells,
we also analyzed prestressed, bistable, cylindrical shells. Prestressed bistable shells
fabricated by stretching and bonding multiple layers of elastomers can have various
geometric shapes and can snap under external stimuli, but the governing parame-
ters for the fabrication and snapping are not known yet. An analytical model was
proposed based on non-Euclidean Plate Theory to predict the mean curvature of the
prestressed shell, and the amount of stimulus that is needed to trigger the snapping.
Numerical simulations are performed to compare with the analytical results. Based
on the proposed theory, for given fabrication parameters and material properties, the
final mean curvature of the bistable prestressed shell can be predicted accurately, as
well as the amount of stretch that is needed to trigger snapping. This study can
be used to design smart actuators or other soft, smart devices. To study material
nonlinear structures, we use a mixture of grains and rods to enable the formation of
stable structures via granular jamming. Understanding how these constituents gov-
ern the mechanical properties of the jammed structures is crucial for devising relevant
engineering designs. We examine freestanding columns composed of rocks and string,
viii
and propose a simple physical model to explain the resulting structures mechani-
cal behavior. The results indicate that exterior fiber mainly contributes to stiffness,
while interior fiber increases the stored elastic energy and absorbed total energy of
the structures under certain external load. By assembling the grains and strings in
an engineer way, structures with robust mechanical properties can be formed. The
results provide guidelines that allow the design of jammed elastogranular structures
with desired mechanical properties. The research results of this thesis will open and
guide a variety of possibilities in designing functional responsive devices or jamming
structures.
ix
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1Chapter 1
Introduction
1.1 Overview
Elastic instabilities will sometimes lead to structural failure, but they can also be
utilized to design adaptable structures. Among various instability types, the snap-
through instabilities of soft shell structures can exhibit fast and large structural de-
formations, making them ideal for engineering device designs. Therefore, part of this
research aims at understanding the snap-through instabilities of bistable shells, with
a particular focus on mechanics and geometry.
Snap-through elastic instabilities can allow configuration changes with large defor-
mations in a short amount of time under the influence of external stimuli. In nature,
this mechanism is used by plants such as the waterwheel plant and the Venus flytrap
to capture insects (Poppinga and Joyeux, 2011; Skotheim and Mahadevan, 2005).
In recent years, engineers have been trying to utilize this snap-through instability
to design all kinds of functional structures and devices, including micromechanical
devices, biomedical devices, and morphing structures (Hsu and Hsu, 2003; Das and
Batra, 2009; Holmes and Crosby, 2007; Gonc¸alves, 2003; Thill et al., 2008). In ad-
dition, various external stimuli that can trigger snap-through instabilities have been
studied, including swelling, temperature and light (Xia et al., 2010; Jakomin et al.,
2010; Ravi Shankar et al., 2013).
Some structures can respond to a certain type of external stimulus and complete
a functional move. If two or more of them were connected with each other in a ra-
2tional way, then they could accomplish even more complicated tasks and could work
as building blocks. These building blocks can then be used to design metamateri-
als, which are man-made materials with unique properties compared with natural
materials. The concept of metamaterials had been studied and utilized in electro-
magnetism or optics (Ward and Pendry, 1996; Pendry et al., 2006; Leonhardt, 2006),
thermodynamics (Guenneau et al., 2012), classical mechanics (Bu¨ckmann et al., 2012;
Lee et al., 2012; Kadic et al., 2012) and quantum mechanics (Fleury and Alu`, 2013;
Greenleaf et al., 2008). Compared with the intensive research on electromagnetic
metamaterials, metamaterial based on classical mechanics is still an emerging new
area. To give the design of mechanical metamaterials more possibilities, we are par-
ticularly interested in exploring the building blocks for metamaterials based on the
snap-through instabilities of shells. To achieve this goal, understanding how snapping
shells interact with each other will be at the core of the design.
One primary motivation of this thesis is to utilize snap-through instabilities of shell
structures as a key component to design smart responsive structures, and to under-
stand how geometry and mechanics govern the snap-through instabilities of bistable
shells. We investigate the statics of everted spherical shells, and find the geometric
criteria that determine the bistability of a spherical shell, and how stable a shell is
in its everted shape. In addition, we study the dynamics when an everted spherical
shell snaps into its original configuration. Moreover, the geometry and snapping of
prestressed bistable shells are studied within the frame work of Non-Euclidean plate
theories. Finally, the properties of coupled snapping shells are studied, which can po-
tentially be used to design building blocks for mechanical metamaterials. This thesis
studies the statics and dynamics of spherical shells, prestressed bistable shells and
coupled shell arrays. The results lay a solid foundation in utilizing the snap-through
instability to design smart functional devices in engineering.
31.2 Background
Let us first discuss the concepts of elastic instability and snap-through instability,
which will be used throughout this thesis. Then we will give a brief introduction of
shell theory.
1.2.1 Elastic Instability
By considering the energy of the system, all equilibrium states of a certain configura-
tion of an object will fall into one of the three equilibrium types: stable equilibrium,
unstable equilibrium, and neutral equilibrium. How the potential energy of the system
changes under small perturbation dictates the type of equilibrium of that configura-
tion. In unstable equilibrium, the system will deform to another configuration under
small perturbation. This kind of stability loss is what we call an Elastic Instability.
The most common type of elastic instability is buckling, for example, a slender beam
will buckle under continuous compression.
The type of elastic instability we will focus on in this research is the “snap-
through” instability. Unlike the infinitely close state of the configurations in pre-
and post-critical states in the buckling case, the pre- and post-critical states for
snap-through are separated by a finite distance. This difference makes snap-through
instability more reasonable to be utilized to design functional structures. In addition,
unlike a bifurcation, the unstable point of a snap-through instability cannot be found
by linear stability analysis, which is to say the state right before snapping cannot be
approximated as the initial configuration.
The goal in utilizing snap-through instabilities to design functional devices was
restricted for a long time because of the difficulty in preparing flexible structures
with different material and structural properties spanning large length scales. Recent
development in rapid prototyping of soft, elastic structures has made it possible for
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Figure 1·1: A Simple Arch System
a wider variety of materials to go through this instability in an elastic and reversible
manner. These geometrically nonlinear slender structures exhibit complex shapes
under external forces, and their structural transitions due to elastic instability open
doors for us to explore the designing of functional responsive devices.
1.2.2 Snap-through Instability
To illustrate the concept of snapping, we start by looking at a simple arch system.
Consider an arch consisting of two extensional springs whose stiffness is k, as is shown
in Figure 1·1. Ignore the weight of the arch system and assume the arch angle is α in
the initial state. A vertical point load of magnitude P is applied on the apex of the
arch and the system is in static equilibrium state.
The strain energy of the two springs can be expressed as
U(θ) = 2
1
2
· k
(
L
cosα
− L
cos θ
)2
(1.1)
Assume that the arch is shallow so that θ is small and can be approximated as
cosα = 1− α
2
2
, cos θ = 1− θ
2
2
(1.2)
5Therefore the strain energy can be written as
U(θ) = kL2
(
1
1− α2
2
− 1
1− θ2
2
)2
=
1
4
kL2(α4 − 2α2θ2 + θ4)
(1.3)
In the loading process, the displacement of the load P is
δ(θ) = L tanα− L tan θ (1.4)
Applying the small angle approximation, we give
δ(θ) = L(α− θ) (1.5)
In order to use the energy method to study this problem, we write the potential
energy of the load as
Up = −Pδ(θ) (1.6)
Be aware that the above potential energy of the load is not the actual work done by
the load P , but a form based on the principle of the virtual work and the principle
of minimum potential energy. Thus the total potential energy of the system can be
written as
V (θ) = U(θ)− Pδ(θ)
=
1
4
kL2(α4 − 2α2θ2 + θ4)− PL(α− θ)
(1.7)
The equilibrium condition of the system can be obtained by checking the first variation
of the total potential energy
dV
dθ
≡ V ′ = 0 (1.8)
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Figure 1·2: Load versus position plot
So that we can get the equilibrium equation by
V ′ = kL2(−α2θ + θ3) + PL = 0 (1.9)
so that
P (θeq) = kRθeq(α
2 − θ2) (1.10)
The force P versus angle θ plot is shown by 1·2.
Notice that α − θ is the rotation of the arch. So the force P versus the rotation
Figure1·3 can more clearly show the snap process of the arch. When the load P goes
to point C on Figure1·3, the arch will snap and the force P will jump from point C
to G.
From Figure1·3, we notice that under zero force P there are three equilibrium
positions, which are point B,D and F . In order to study the stability of these positions
and other equilibrium paths, we calculate the second derivative of the total potential
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Figure 1·3: Load versus rotation plot
energy,
∂2V
∂θ2
≡ V ′′ = kL2(3θ2 − α2) (1.11)
which is plotted in plot1·4. We can see that for point B and F , V ′′ is positive, and
thus they are in stable equilibrium states, while in point D the second variation of the
total potential energy is negative and therefore it is an unstable equilibrium state.
1.2.3 Shell Theories
Shell structures are defined by their geometry. Unlike plates, shells are curved in
their stress-free states. The first successful shell theory was proposed by A.E.H. Love
based on classical linear elasticity (Love, 1888; Love, 1890; Love, 1892). Love’s shell
theory is based on the following basic assumptions:
• Hypothesis of straight normals: straight lines initially normal to the undeformed
middle surface remain straight and normal to the deformed middle surface, and
the length remains the same.
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• The transverse normal stress is small compared with other stress components
and maybe neglected in stress-strain relations.
• Displacements and strains are sufficiently small so that the quantities of second
and higher order magnitude in strain-displacement relations may be neglected
in comparison with first order terms.
• The thickness of the shell is small compared with other dimensions.
The first two of the four assumptions are known as Kirchhoff hypotheses for the
plate bending theories, which is an extension of the “Euler-Bernoulli hypothesis” for
the Euler-Bernoulli beam theory. Love’s theory of thin elastic shells is a big suc-
cess, but it also has some deficiencies mainly due to its inconsistent treatment of
small terms. Intended to remove the inconsistencies in Love’s theory for thin shells,
Reissner, Sanders, Koiter and Timoshenko made improvements on first-order approx-
9imation shell theories in different ways (Reissner, 1941; Koiter, 1959; Timoshenko
and Woinowsky-Krieger, 1959).
Besides the preceding first-order approximation shell theories, another class of
shell theories are known as higher-order approximation shell theories, in which one
or more of the Kirchhoff-Love hypotheses is suspended. By relaxing the thinness as-
sumption, Lur, Flugge and Byrne independently developed the second-order approx-
imation theory of shells, in which they retained transverse shear strain terms in the
strain-displacement relations (Lurye, 1940; Flu¨gge, 2013; Byrne, 1944). Novozhilov
developed his version of second-order approximation shell theory by the use of strain
energy expressions (Novozhilov, 1959), while Vlasov derived it directly from the gen-
eral three-dimensional linear elasticity equations (Vlasov, 1964). By assuming the
original straight lines remain straight, but are no longer normal to the mid-surface,
Reissner and Naghdi derived another class of second-order approximation shell the-
ories that incorporated transverse shear and normal stress effects (Reissner, 1949;
Reissner, 1952; Naghdi, 1957).
The above shell theories rely on a small-deflection assumption, and are based on
the classical linear theory of elasticity. Thus, nonlinear terms in both strain compo-
nents and constitutive equations are omitted. A shell can be materially nonlinear if
the stress and strain are in nonlinear relations, and it can be geometrically nonlinear
if finite or large deformations are considered. Naghdi, Sanders and Koiter derived a
general geometrically nonlinear theory for thin shells (Naghdi and Nordgren, 1963;
Sanders Jr, 1963). Mushtari and Simmonds made further developments on those
theories (Mushtari and Galimov, 1961; Simmonds and Danielson, 1972).
In engineering, a lot of shell structures have a relatively small rise compared with
the span, and are called shallow shells. The geometry of a shallow shell is close to a flat
plate, and because of that additional assumptions can be made to further simplify the
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governing equations besides the Kirchhoff-Love hypothesis. Donnel, Mushtari, and
Vlasov independently developed the general form of theory for thin shallow shells
(Donnell, 1976; Mushtari, 1938; Vlasov, 1964). The study on shallow shells in this
thesis is based on Donnel-Mushtari-Vlasov(DMV) shell theory.
Let us briefly look at the DMV shallow shell theory. Assume the position of the
shell surface is w(r), and the Airy stress function is φ(r). Then the geometrically
nonlinear shallow shell equations can be written as
B∇4w +∇2kφ−♦4[φ,w] = 0 (1.12a)
1
Y
∇4φ−∇2kw = −
1
2
♦4[w,w] (1.12b)
where the operator ♦4[f, g] is defined as ∂2xf∂2yg−2∂2xyf∂2xyg+∂2yf∂2xg, the term ∇2k(·)
is defined as R−1x ∂
2
x(·) + R−1y ∂2y(·). The term B∇4w represent the bending of a flat
plate. The nonlinear coupling between stress and curvature is introduced by the term
♦4[φ,w]. ♦4[w,w] represents the Gaussian curvature of the shells.
We then can non-dimensionalize these equations, letting
W = wR/L2, ρ = r/L,Ψ = ψ/(Y L3/R2) (1.13)
This gives
1
λ4
∇4W + 1
ρ
d
dρ
(ρΨ)− 1
ρ
d
dρ
(
Ψ
dW
dρ
)
= 0, (1.14)
and
1
ρ
d
dρ
{
ρ
d
dρ
[
1
ρ
d
dρ
(ρΨ)
]}
= ∇2W − 1
2ρ
d
dρ
(
dW
dρ
)2
, (1.15)
where
λ = (12(1− ν2))1/4
√
R
h
sin(α) ≈ (12(1− ν2))1/4
√
R
h
α. (1.16)
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Here, α is the half angle of the spherical shell. The geometric parameter λ is
a balance between the stretching and bending effect. In classical shell mechanics,
there is another geometric parameter,, that is proportional to λ−4 when the shell is
shallow, and is defined as:
 =
1
λ4
=
h2R2
12(1− ν2)L4 (1.17)
In this thesis, we will mostly use λ, but  will also appear in some parts for the
purpose of convenience.
1.2.4 Granular jamming
Dry stone structures are considered an intangible cultural heritage of humanity. They
rely on precise and layer by layer placement of stones to form structures with struc-
tural integrity. Jamming of stones in these structures can generate strong structures
by friction and geometric interlocking. Granular materials can similarly jammed thus
transform from fluid-like state to solid-like state when the critical density of the gran-
ular packing is reached.
The transition from fluid-like to jammed solid state can be achieved by varying
thermodynamic variables (Liu and Nagel, 1998). Those variables include temperature
or density, as well as mechanical variables such as the stress resulting from external
force. Figure 1·5 show the jamming phase diagram propsed by (Liu and Nagel, 1998)
and shows the connections between different transitions to rigidity.
1.3 Thesis Organization
In Chapter 2, we will study stability problems of axisymmetric everted shells. First,
we will try to answer the basic question of whether a spherical shell is bistable or
monostable. A geometric criterion will be proposed based on both experiments and
12
Figure 1·5: Jamming phase diagram proposed by (Liu and Nagel,
1998). The diagram shows that in low temperature, low load and large
density conditions, the disordered materials are more likely to form a
jammed state. The jamming state will change when those conditions
varies.
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numerical simulation data. Second, for bistable shells, we will quantify how stable a
shell is in its everted configuration based on point load indentation tests. As the shell
becomes deeper, the point load compression distance needed to trigger the snapping
changes dramatically. Experiments are carried out to study the snapping mode to
explore what causes the discontinuity external stimulus as the shell geometry changes.
In chapter 3, we will study the dynamics of snapping shells, and try to find out
what governs the dynamics during the snapping when bistable shells switch between
two configurations. High speed videos are taken to track the motion of the apex
of an everted shell during the process of snapping. We will explore how geometry
governs the speed at which an everted spherical shell can snap. We will also study
how symmetric snapping and asymmetric snapping for shells with different geometries
affect the snapping dynamics.
In chapter 4, we will study the snapping of prestressed bistable shells, aiming to
be able to predict the final shape of the prestressed bistable shells and the amount
of external stimulus needed to trigger the snapping based on design parameters. An
analytical model to describe the internal mechanism of the form of prestressed shells
will be proposed based on a so-called non-Euclidean plate theory. Numerical simu-
lations will also be performed to compare with the theoretical results. The amount
of external stimulus needed to trigger the snapping will be studied under various
conditions in order to determine what is the optimal way to trigger the snapping of
prestressed, bistable shells in terms of energy consumption. The results from this
part of the research will foundational to the design of relevant responsive devices.
In chapter 5, we will study the mechanics of jammed elastogranular columns. We
will discuss how the material properties of granules and fibers influence the structural
integrity of jammed elastogranular columns. We will use a fixed form factor and
vary the granule types, fiber types, and fiber-to-granule ratios. The results from
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this chapter lay the foundation for future construction applications in utilizing those
jammed elastogranular structures.
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Chapter 2
Stability of Axisymmetric Everted Shells
2.1 Introduction
Eversion of a spherical shell means turning the shell inside-out. In this chapter, we
are interested in finding out how geometry governs the mechanical and dynamic prop-
erties of everted spherical shells. More specifically, what is the bistability criterion
for spherical shells? If a spherical shell is bistable, how stable is it in the everted
shape? When will the everted spherical shell snap back to its original shape under
external stimulus? These questions are essential if we plan to use this shell snapping
mechanism to develop engineering structures.
The study on mechanics of bistable structures began with the buckling analysis of
the arches (Hurlbrink, 1908), (Timoshenko, 1910). Later, the study was extended to
the nonlinear buckling analysis of spherical shells under a point load (Biezeno, 1935) as
well as under external pressure (von Ka´rma´n and Hsue-Shen, 1939). (Ericksen, 1955)
first studied the eversion of elastic spherical shell. (Adeleke, 1983), (Geymonat et al.,
1989) and (Haughton and Chen, 1999) studied the eversion problem for spherical
shells made with incompressible materials.
Much work has been done by researcher to study the buckling of spherical shells
under various load types and boundary conditions (von Ka´rma´n and Hsue-Shen,
1939) (Fitch, 1968) (Huang, 1964). The span over radius ratio can define the shal-
lowness of the shells. The smaller this ratio is, the shallower the shell is. Fitch’s
(Fitch, 1968) analysis predicted shell buckling with circumferential wave patterns
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when the shells are shallow enough, similar to those observed experimentally by Pen-
ning (Penning and Thurston, 1965), (Penning, 1966), and Nasto (Nasto et al., 2013).
An axisymmetric snap-through is expected to follow these asymmetric deformations.
Brodland (Brodland and Cohen, 1987) described the deflection and snapping of spher-
ical caps. Unlike the theoretical analysis by Fitch (Fitch, 1968), and the experimental
work by Penning (Penning and Thurston, 1965) (Penning, 1966), and Nasto (Nasto
et al., 2013), Brodland (Brodland and Cohen, 1987) concentrated on the axisymmet-
ric deformation and snap-through of shells when the shells are sufficiently shallow.
Brodland’s observations suggest that the load-deflection curves for shallow shells are
independent of the shell’s half angle when the shells are shallow enough. This implies
that shallow spherical caps can be mapped onto each other by scaling their radial
and axial coordinates (something that is not possible for deep, hemispherical shells).
Brodland’s (Brodland and Cohen, 1987) analysis suggests that bending stresses can
be neglected for sufficiently shallow shells. This observation is confirmed by the sym-
metry of the load-deflection curve, since the load-deflection curve is same for loading
both an undeformed and everted shell.
We begin with the geometrically nonlinear shallow shell equations for the dis-
placement of the shell surface w(r) and the derivative of the Airy stress function
ψ(r), which is such that σrr = ψ/r and σθθ = ψ
′.
B∇4w + 1
R
1
r
d
dr
(rψ)− 1
r
d
dr
(
ψ
dw
dr
)
= 0 (2.1)
and
1
Y
1
r
d
dr
{
r
d
dr
[
1
r
d
dr
(rψ)
]}
=
1
R
∇2w − 1
2r
d
dr
(
dw
dr
)2
(2.2)
where Y = Eh is the stretching stiffness of the shell and B = Eh3/12(1 − ν2) is its
bending stiffness.
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Figure 2·1: a. This image sequence shows the profile change of a
spherical shell during the point load compression test. Laser lines were
used to track the shell profile changes. b. This scheme shows the defi-
nition of the geometry variables for spherical caps in both original and
everted shapes. c. This figure shows the profile change of everted spher-
ical caps for different λ, where ρ represents the nondimensionalized half
span with respect to its own length.
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We begin by non-dimensionalizing these equations, letting
W = wR/L2, ρ = r/L,Ψ = ψ/(Y L3/R2) (2.3)
We define a geometric parameter λ as
λ = 4
√
12(1− ν2)
√
R
h
α (2.4)
where α is the half angle of the shell. The non-dimensionalized parameter λ can
be regarded as a balance between the stretching effect and the bending effect. This
definition of λ will be the basis of our analysis.
2.2 Bistability Criterion
To understand the bistability of spherical shells, the first thing is to determine the
geometric condition for which a spherical shell has bistable states. As Brodland
(Brodland and Cohen, 1987) stated, a force free everted shape does not occur in
sufficiently thick shells. The self-equilibrating everted state is possible in thinner
caps since bending effects are then sufficiently reduced that they can be overcome
by membrane forces. Otherwise, the edges of the cap tend to roll back and restore
the shell to its rest position. Numerical results shows that shallow spherical caps
whose λ is less than λ ≈ 5.74 cannot have bistable states. However, for deep shells,
the criterion is still uncertain. To find out what geometric properties govern the
bistability for deep shells, we made shells with all kinds of geometric dimensions.
In our experiments, spherical caps were cast from polyvinylsiloxane rubber, (PVS,
Zhermack Elite Double 32F) using the coating method (Lee et al., 2016).
We use the parameter L/R to define the shallowness of a shell. In Fig. 2·2, we
compared the experimental data with both theoretic and numerical results. The blue
diamond dots represent shells that are bistable, while the red dots represent shells
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Figure 2·2: This is the phase diagram for spherical shells. diamond
points represent bistable shells while circular points represent monos-
table shells. The black triangles show result from numerical simulation,
and the dash line is the theoretical solution for shallow shells.
that are monostable. The black triangle is the numerical simulation result and the
black dashed line is the numerical result for shallow shells by solving the shallow
shell equations. As L/R becomes larger, the spherical shell becomes deeper and at
the value of 1, it becomes a hemisphere. Surprisingly, the threshold for deep shells
are pretty consistent with shallow shells in terms of λ. Inconsistency only appears
when the shell is almost hemisphere. Based on the results, we can safely draw the
conclusion that for shells whose L/R ratio is less than 0.9, the condition λ > 5.74 can
be used to determine when a spherical shell is bistable.
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2.3 Eversion Stability
To quantify how stable a spherical shell is in its everted configuration, point load
indentation tests were conducted using an INSTRON U5943 machine with a 5N cell,
which has a precision of 0.002N . The loading rate used in the tests were 10mm per
minute, and an indenter with a fixed radius of 1.6mm was used for all experiments.
To ensure free boundary conditions along the outer edge of the shell, we deposited
a thin layer of silicon oil(5 cSt, Sigma Aldrich) to reduce the friction on the contact
surface between the shell and the acrylic plate on which the shell was placed. Each
data point is the average of five tests on a single shell.
We return to the case when the force from the indentor is included:
ρ
d
dρ
(∇2F)−G(ρ+ dF
dρ
)
=
F
2pi
(2.5)
and
ρ
d
dρ
[
1
ρ
d
dρ
(ρG)
]
= −ρdF
dρ
− 1
2
(
dF
dρ
)2
(2.6)
where the dimensionless force F = FR2/(Y L4) (note that in this expression F is the
dimensional force but in (2.5)–(2.6) it is the perturbation from the everted state).
Here, it is important to consider how the linear result of Reissner,
F =
8
[12(1− ν2)]1/2
Eh2
R
δ, (2.7)
converts into dimensionless variables. We have
F = 8λ−2
(
δ˜ =
δR
L2
)
, (2.8)
using the definition of λ.
Figure 2·4a. and 2·4b. shows the force-displacement plots for spherical shells. We
can see the experimental force-displacements curves matches well with the theoretical
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Figure 2·3: Figure a to figure b shows the relation between nondi-
mensionalized displacement and load. H ′ is the height of the everted
spherical cap, while δc is the distance that the shell apex being com-
pressed. Figure c is a plot of the critical displacement of the shell’s
apex normalized by its initial height at which an everted spherical cap
snaps back to the original shape under a point force at the apex. The
error bar shows the standard deviation for both λ and δc/H
′.
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Figure 2·4: The force–displacement relationship for the indentation
of a shell from its natural (red curves and circles) and everted (blue
curves and circles) shapes. Numerically determined data are repre-
sented by continuous curves, with experimental data represented by
points. Data are shown for shells close to the transition between bista-
bility and monostability (which occurs at λ ≈ 5.75 for ν = 0.5): (a)
λ = 6.4 while in (b) λ = 7.2. Deformed shapes with F = 0 are shown
in the insets: in each case the highlighted shape is that expected at the
corresponding Roman numeral on the graph.
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results. The dashed line in the plots is the theoretical slope of the force-displacement
curves for infinitely large shallow shells. For deep shells, the very beginning of the
indentation tests can be regarded as acting on an infinitely large shallow shell on the
basis that we can disregard the boundary effects on the tests.
Fig. 2·4c. shows when an everted spherical shell will snap back under point load
indentation tests. The critical displacement of the shell apex when the shell snaps
is δc. The shells we tested fall into two groups. Shells with relatively small λ and
shells with relatively large λ clearly showed different properties. For the shallow
shells(small λ), the force-displacement curve can collapse after nondimensionlization
and they exhibit a symmetric snap-through, while deeper shells exhibit asymmetric
snap. For the critical displacement at which the everted shell start to snap back, the
transition between shallow shells and deeper shells has a clear discontinuity. The black
Figure 2·5 (preceding page): Top panel: Regime diagram showing
the behaviour of indented shells (ν = 0.5) with free edges. The thick
red curve with open markers identifies the critical (either snapping or
buckling) apex position for the indentation of an everted shell; the thin
blue curve with filled markers refers to indentation from the natural
state. Different behaviours are indicated by different symbols: snapping
(circles), buckling with m = 2 (diamonds) and buckling with m = 3
(triangles). The position of the apex in the self-equilibrated states is
indicated for the natural configuration (Z = zR/L2 = 0.5, blue dashed
line) and for the everted configuration (red dashed line). Thin vertical
arrows indicate the direction of the applied indentation in the two cases.
Lower panel: Qualitative representations of the shapes of the shell (top
view) for the three different regimes identified in the bistable domain.
In the axisymmetric snapping case, snap-through happens with the
same apex position (regardless of the initial state) so that there is a
continuous path between natural and everted states; in the hysteretic
snapping case, shells remain axisymmetric until the snap-through point
but the apex position is different for the two initial conditions; in the
asymmetric buckling case, the shell buckles, with m = 2 or m = 3
before snapping occurs, for both natural and everted shells.
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line in Fig. 2·4 is the result of the numerical simulation, which confirms the existence
of this discontinuity in critical displacements when the shell becomes deeper.
To better understand this discontinuity (sharp jump) in the critical displacements
plot, a high speed camera is used to capture the snapping process of the spherical
shells. It turns out that this sharp jump happens because the spherical shells go from
symmetric snapping to asymmetric snapping as the shells become deeper. The detail
of the snapping dynamics will be studied in the next chapter.
2.4 Summary
In this chapter, we studied when a spherical shell can be bistable with both experi-
mental and numerical data. A geometric condition is given to decide the bistability
of spherical shells. For a bistable shell, point load indentation tests are performed to
test how stable a shell can be in its everted configuration. We observed that there is
a surprising jump between shallow and deep spherical shells for the nondimensional-
ized indentation distance to trigger the snapping. Chapter 3 of this thesis reveals that
the sudden jump was caused by transition from axisymmetric snapping to asymmet-
ric snapping. This study reveals that the geometry and the corresponding snapping
modes have crucial influence on the stability of everted spherical shells.
2.5 Future Work
Shells with a hole on the apex will be worth studying in the future. Spherical shell’s
tendency to be bistable will increase as we material is removed from its apex. However,
at some threshold, possibly when the remaining material reaches the edge boundary
layer, then the stability will start to decrease again.
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Chapter 3
Dynamics of Snapping Shells
3.1 Introduction
Bistability has recently garnered renewed interest in the design of advanced, func-
tional materials. Instead of expending energy to force a structure with one shape
to continuously maintain an alternative shape, one could design systems that easily,
quickly, and predictably change configurations over a short timescale. This bistability
mechanism can be incorporated in the design of origami structures (Silverberg et al.,
2015; Yasuda and Yang, 2015; Waitukaitis et al., 2015; Jianguo et al., 2015) or the
unit cell of mechanical metamaterials (Du et al., 2008; Chen et al., 2011; Tuz et al.,
2010). A bistable structure can snap between two equilibrium shapes when loaded
by external forces (Pandey et al., 2014; Ericksen, 1955; Chien and Hu, 1956; Keller
and Reiss, 1959; Antman, 1979; Hyman, 1971; Lock et al., 1968; Sankar and Ariarat-
nam, 1971; Akkas, 1976), non-mechanical stimuli (Holmes and Crosby, 2007; Pezzulla
et al., 2017a; Pezzulla et al., 2018), magnetic forces (Loukaides et al., 2014; Seffen
and Vidoli, 2016), fluid flow (Arena et al., 2017; Gomez et al., 2017), or viscoelastic
relaxation (Santer, 2010; Urbach and Efrati, 2017). The snap-through instability is
a dynamic event corresponding to large geometric deformations occurring over very
short timescales. It has been observed in nature in carnivorous plants (Skotheim
and Mahadevan, 2005; Poppinga and Joyeux, 2011), and has been used to design
toys like ‘jumping disc’ (Wittrick et al., 1953; Ucke and Schlichting, 2009), and ‘pop-
pers’ (Lapp, 2008; Santer, 2010). In order to engineer functional snapping structures
27
it is necessary to understand both the critical load necessary to induce snap through,
and also the dynamic deformations that occur as a shell snaps from one state to
another.
In chapter 2, a fundamental question was addressed regarding the bistability of
spherical caps, namely: given a shell of thickness h, radius of curvature R, Poisson
ratio ν, and opening angle α, will that shell be stable if it is turned inside–out or
everted? (Fig. 5·1d) (Taffetani et al., 2018). For a spherical cap that has been
everted, the stretching energy density per unit width can be estimated as Es ∼ Ehα4,
while the bending energy density per unit width will scale as Eb ∼ B(1/R)2, where
B = Eh3/[12(1−ν2)] is the bending stiffness of the shell. A comparison of the relative
importance of stretching to bending energy density yields Es/Eb ∼ EhR2α4/B, which
is more commonly written as the fourth root of this quantity (Brodland and Cohen,
1987; Brinkmeyer et al., 2012; Taffetani et al., 2018), i.e.,
λ = 4
√
12(1− ν2)
√
R
h
α. (3.1)
For shallow shells, λ can be represented by the thickness over height ratio, while
for deeper shells λ will increase accordingly (Fig. 5·1c). Using λ as the characteristic
geometric parameter to describe a spherical cap, it was shown that shells described
by λ & 5.75 are bistable (Taffetani et al., 2018).
While shell’s with λ & 5.75 are bistable, the robustness of this bistable state can
vary dramatically with respect to λ. The robustness of bistability was determined by
applying a point load indentation to the apex of an everted, bistable shell (Taffetani
et al., 2018), and quantifying the amount of vertical displacement, ∆Ec , needed to
trigger snap–through. As is shown in figure 5·1d, the critical displacement an everted
spherical cap needed to snap under point load indentation tests will increase when
the shell becomes deeper. However, the increase in critical displacement as a function
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Figure 3·1: a. This image sequence shows the profile change of a shell
during the compression test. Laser lines were used to track the profile
changes. b. This scheme shows the definition of the geometry variables
for spherical caps in both original and everted shapes. c. This figure
shows the profile change of the spherical caps for different λ, where ρ
represent the nondimensionalized half span. d. Dimensionless critical
indentation depth to trigger the snapping of everted spherical shells.
The dimensionless critical indentation depth ∆c is defined as δcR/L
2,
where δc is the dimensional critical displacement.
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of λ is not continuous, but rather there is a sudden jump in a critical displacement
necessary to induce snapping. Thus, the shell’s robustness to snap–through increases
significantly in response to a slight change in its initial geometry. Observation of
the shell’s shape prior to snap-through indicates that these more robust shells still
remain axisymmetric up to the point of snapping – a feature that is lost once λ & 7.7,
wherein shells exhibit azimuthal buckling prior to snap–through. In this chapter, we
investigate the dynamics of snap–through for shells with 5.75 . λ . 7.7 to understand
the dramatic increase in the robustness of shell bistability.
3.2 Experiment Setup
In order to study the snapping dynamics of everted spherical shells, indentation tests
are performed on shells of various geometries. The spherical shells used in the ex-
periments are fabricated by the coating method with polyvinyl siloxane (Lee et al.,
2016). As is shown in figure 5·1a., the spherical shell is everted and placed on a flat
surface. An indenter with a circular cross-section radius of 0.8 mm is used to load
on the apex of the everted shell. A laser line is projected onto the top of the shell,
and a high speed camera is placed orthogonal to the line. The indenter moves down
at a constant speed of 0.05 mm/s. The everted shell will snap back to its original
configuration at certain critical displacement ∆c. The high speed camera records this
snapping process at a frame rate of 4000 fps (frames per second). By analyzing the
video and extracting the shape change of the laser line, we can get the profile change
of the everted shell during this snapping process. When the shell is shallow (λ / 6.5),
the profile remains axisymmetric during the snapping, which is shown in fig. 3·2b.
However, when the shell becomes deeper (λ ' 6.5), its profile change will be asym-
metric during the snapping. We will investigate the effect these different geometric
deformations have on the dynamics of the snap–through instability.
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Figure 3·2: a. Profile shapes of a symmetrically snapping shell. b.
The profile sequence of a symmetrically snapping everted spherical shell
during the process of snap-through. The red line indicates the critical
position where the shell starts to snap. c. Motion of the apex of a
symmetrically snapping shell and its growth rate σ. d. The nondimen-
sionalized growth rate σ for different shells.
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We set both time t and displacement w of the tracking point to be zero at the
onset of the snapping, where w is a function of ρ, therefore displacements of the
leftmost point and apex on the shell profile can be represented by w(−1) and w(0)
respectively. The motion of the apex of a symmetrically snapping shell is plotted in
fig. 3·2c. From the plot, we can see that the snapping process of an everted shell
begins when the point load indentor loses contact with the shells and ends when the
everted shell return to its original shape. During the snap-through, there is a large
displacement of the shell’s apex over a very short amount of time. We define the slope
of the semi-log plot of the apex’s motion versus time as the snap-through growth rate.
The growth rate σ was first introduced in the study of snapping beams (Pandey et al.,
2014). In the study of snapping beams, the authors perturbed the compressive force
and performed a linear stability analysis at the point where the indentor and the
beam lost contact and solved for the shape of the beam at that point. The growth
rate σ can be obtained from the eigenvalue problem formed by the previous analysis.
Physically, σ can be used to tell how fast the snap–through process happens. The
growth rate of the instability, σ, will be the main characteristic parameter we will use
to describe and predict the dynamics of snapping shells.
For the asymmetric snapping mode, the shell acts differently compared with a
symmetric snapping case due to the symmetry breaking in the snap-through process.
We can no longer characterize the deformation of the profile purely by the growth rate
of the apex. By observing the profile change during the asymmetric snapping process,
we can find that it can be broken into two phases. In the first phase, the shell goes
from symmetric shape right before snapping to antisymmetric shape. As is shown in
fig. 3·3c, one half of the spherical shell’s profile remains almost stationary during this
phase, while the other half of the spherical shell undergoes significant deformation.
The local extremum of the deformed half of the shell, i.e. the dot in fig. 3·3c with
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a displacement w(−0.5), naturally emerges as our tracking point in this phase of
deformation. In the second phase, the shell goes from antisymmetric shape to the
original symmetric shape, which is shown in fig. 3·3e. The previous stationary half of
the spherical shell in phase one deformation start to deform in phase 2 and the apex
point moves down quickly as the everted shell returns to its original configuration.
The apex of the whole shell, i.e. the dot in fig. 3·3e with a displacement w(0), will
be the tracking point for phase two. Fig. 3·3b shows the motion of the two tracking
points during those two phases of deformation, from which we can observe that phase
two of the deformation happens immediately after the shell finished the deformation
in phase one. We therefore study these two phases separately. In the first phase, we
track the apex of the deformed half of the shell, while in the second phase, we tract
the apex of the whole shell. Figure 3·3d and 3·3f illustrates the motion of the tracking
points of the two phases respectively.
In the asymmetric snapping, the spherical shell will break its symmetry in an
arbitrary direction. In order to get consistent data and force the shell to break the
symmetry in a predictable direction, we introduce an eccentric distance e for the
indentor from the shell’s apex. Figure 3·6 shows the change of the growth rate σ
when changing the eccentric distance of the indentor, where
√
Rh is the boundary
length based on traditional shell theory. We observe that when the eccentric distance
is less than 20% of the boundary length, its effect on the growth rate of the shell can
be safely neglected.
3.3 Analysis
To describe the mechanics of the shell we employ the Donnell–Mushtari–Vlasov
(DMV) model (Ventsel and Krauthammer, 2001; Vella et al., 2011) expressed in
terms of a cylindrical coordinate system (r, θ, z) such that the apex of the shell lies
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along the z-axis and the shell’s planform lies in the (r, θ) plane. Defining the out-of-
plane displacement with w (r, θ, t), the dynamic version of the normal force balance
rewrite as
B∇2∇2w + 1
R
∇2φ− L (φ,w) + ρsh∂
2w
∂t2
= 0, (3.2)
where ρs is the density of the material; the compatibility of strains is
1
Y
∇2∇2φ+ 1
2
L (w,w)− 1
R
∇2w = 0. (3.3)
where the stretching modulus Y = Eh. Here ∇ identifies the Laplacian operator
in cylindrical coordinates while the operator L(f, g) and the Airy stress function
φ(r, θ, t), introduced to ensure that the in-plane equilibrium equations are automati-
cally satisfied, are defined as in (Taffetani et al., 2018). We consider here the following
nondimensionalization
W =
wR
L2
; ρ =
r
L
; Φ =
φR2
Y L4
; T =
t
τ
(3.4)
with τ = R
√
ρs/E = R/c; hence, τ defines the characteristic time in which the sound,
with c =
√
E/ρs being its speed in the material, covers the characteristic length given
by the radius R. The two dimensionless equations thus rewrite as
1
λ4s
∇2∇2W +∇2Φ− L (Φ,W ) + ∂
2W
∂T 2
= 0 (3.5)
∇2∇2Φ + 1
2
L (W,W )W −∇2W = 0. (3.6)
Figure 3·3 (preceding page): a. Shell profile during the snap-
through process. b. Phase one and phase two deformation of an asym-
metrically snapping shell. c. The profile change of an asymmetrically
snapping shell during phase one of the deformation. d. The nondimen-
sionalized growth rate σ for phase one. e. The profile change of an
asymmetrically snapping shell during phase two of the deformation. f.
The nondimensionalized growth rate σ for phase 2.
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where the operators ∇ and L are now nondimensionalized. In equation (3.5) we see
the appearance of the dimensionless parameter λs = as introduced in (Taffetani et al.,
2018).
Before developing a rigorous linear stability analysis, we can provide scaling ar-
guments to predict how the growth rate behaves with respect to the dimensionless
parameter λs. Recalling that W (ρ; θ, T ) ∼ eΣT , with the nondimensional growth
rate Σ = τσ, then the time dependent term in equation (3.5) scales as ∼ Σ2. If we
consider the case of λs ' 7.2, where the system is controlled by the bending energy,
then we require λ−4s ∼ Σ2, giving an estimation of the growth rate as
Σ = τσ ∼ λ−2s (3.7)
If instead the stretching contribution plays a relevant role, i.e. for intermediate λs,
we can expect that
Σ = τσ ∼ const (3.8)
when the inertial term is balanced with the stretching contribution.
3.3.1 Linear stability analysis
Let us define W (0) (ρ) and Φ(0) (ρ) as the normal displacement and the stress state
(through the Airy function) of the shell in the unstable axisymmetric self-equilibrated
(F = 0) configuration and let us consider a perturbation from this condition of the
form
W (ρ; θ;T ) = W (0) (ρ) +W (1) (ρ) cos (mθ) eΣT
Φ (ρ; θ;T ) = Φ(0) (ρ) + Φ(1) (ρ) cos (mθ) eΣT
(3.9)
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With reference to our previous study (Taffetani et al., 2018), it is important to note
that this form implies that the following result doesn’t apply to the case of wrinkling
regime, unless the shell is forced to reach the snapping condition while its deformation
is kept axisymmetric instead of buckling polygonally.
Following the same arguments as in (Taffetani et al., 2018), we can show that the
linearized problem reduce to the following eigenvalue problem, upon discretization
[
A0(m) + Σ
2A1
]
Y = 0 (3.10)
where the matrix A1 is from the discretization of the inertial term while the matrix
A0(m), from the discretization of all the other terms in the normal balance and the
compatibility equation, depends by the wave mode m; vector Y contains the nodal
values of discretized unknowns W (1) and Φ(1).
• at ρ = 0: Zero shear force (m = 0) or W (1) = 0 (m = 1); Zero bending moment;
No in-plane radial displacement; Φ(1) = 0.
• at ρ = 1: Zero shear force (m = 1) or W (1) = 0 (m = 0); Zero bending moment;
No in-plane radial stress; Uθ = 0.
The theoretical predictions for the growth rate reveal that the snapping dynamic
admits both one symmetric m = 0 shape and one antisymmetric m = 1 shape that
would growth linearly, for any λs ' 5.75; the largest growth rate, however, switches
from being symmetry to antisymmetric with increasing λs.
The surprising feature of this system is, however, the behavior in the antisymmet-
ric regime. Since the theoretical prediction relies on a linear analysis, we expect that
it holds only at early times: we then compare our fastest eigenvalue (m = 1) with the
experiment growth rate in phase 1, retrieving again a good agreement. Unexpectedly,
however, the slowest symmetric theoretical growth rate matches the experimental re-
sult obtained for the phase 2.
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To better evaluate how the two modes combine in the evolution of the snapping,
we compare the predicted eigenfunctions against experimental time-dependent shapes
for two representative value of λs. The theoretical eigenfunction is given by f(ρ, T ) =
W
(1)
m (ρ) eΣT c(with the subscript m indicating the mode under analysis) while we call
g(ρ, T ) = W
(1)
exp (ρ, T ) the dimensionless experimental profile of crossection computed
from the the snapping condition.
Let first compute the L2-norm of the two function as
||f ||2 = eΣT
 1∫
0
W (1)m (ρ)
2 dρ
1/2
||g||2 =
 1∫
0
W (1)exp (ρ, T )
2 dρ
1/2
(3.11)
and then let us consider the scalar product associated with this norm as
< f, g >=
1∫
0
f(ρ, T )g(ρ, T )dρ (3.12)
Employing the Cauchy-Schwartz inequality we know that | < f, g > | ≤ ||f ||2||g||2 so
that we can introduce the following parameter
Π(T ) =
| < f, g > |
||f ||2||g||2 =
eΣT | ∫ 1
0
W
(1)
m (ρ)W
(1)
exp (ρ, T ) dρ|
eΣT
(∫ 1
0
W
(1)
m (ρ)
2 dρ
)1/2 (∫ 1
0
W
(1)
exp (ρ, T )
2 dρ
)1/2 ≤ 1 (3.13)
where Π = 1 ⇐⇒ W (1)exp (ρ, T ) = CW (1)m (ρ) ∀T with C an arbitrary constant. In
Figure 3·4 we present the parameter Π(T ) for two representative cases of λ = 7.5 and
λ = 6. where the experimental profile W
(1)
exp is tested against both the W
(1)
0 and W
(1)
1
computed from the linear stability analysis for these two cases.
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Figure 3·4: Parameter Π(T ) against the dimensionless time T . The
two λs are identified by continuous (λs = 7.5) and dashed (λs = 6) lines.
Red circles refer to the normalized scalar product of the experimental
data against the symmetric theoretical eigenfunction; blue squares refer
to the normalized scalar product of the experimental data against the
antisymmetric theoretical eigenfunction. The take home message is:
for the symmetric snapping regime, the antisymmetric dynamic growth
is forgotten soon while the symmetric one grows very quickly; for the
antisymmetric snapping regime, the parameter Π(T ) show the presence
of the switch between the initial preferred m = 1 mode to the later time
symmetric m = 0 evolution.
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Growth rate σ was calculated for symmetrically snapping shells with different ge-
ometric parameters λ. Figure 3·2d. shows the dimensional growth rate data for dif-
ferent shells. We nondimensionalize the growth rate by the time scale τ ∼ R√ρs/E,
where R is the shell radius, and c =
√
E/ρs is the speed of sound within the ma-
terial. This time scale τ arises naturally from the dynamic beam equation and be
used as the prefactor for both beams and shells in the snap-through studies (Pandey
et al., 2014). It can be physically explained as the timescale for the beam to feel
its boundary using speed of sound c, augmented by the geometric factor L/h. The
nondimensionalized growth rate data were shown in figure 3·2e., from where we notice
that the nondimensionalized growth rate falls between 0.1−0.3. Based on the results,
it is reasonable to expect that the nondimensionalized growth rate σ is a constant for
any everted spherical shell undergoing symmetric snap-through under point load.
For asymmetric snapping shells, the deformation can be divided into two phases.
In the first phase, the shell buckles from the symmetric to anti-symmetric shape, while
in the second phase, the shell snaps from the anti-symmetric shape to the original
symmetric shape. In the first phase of the deformation, the shell buckles and the
middle point of the shell profile almost remains stationary while one half of the shell
deforms, which is shown in figure 3·3c. From a purely geometric point of view, this
buckling process is similar to the symmetric snap-through of a shell with half the span
of the whole shell. Therefore, it is possible to get a ”growth rate” σb for the buckling
process by this analogy. In the second phase, the anti-symmetric shell snaps to the
original shape and we can quantify it by tracking the motion of the apex the same as
what we do in symmetric snapping case. Figure 3·3d shows the nondimensionalized
growth rate for phase one buckling using the aforementioned analogy. Figure 3·3f
shows the nondimensionalized growth rate for the phase two snapping of asymmetric
snapping shells. As we can see form figure 3·3f, the nondimensionalized growth rate
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Figure 3·5: The non-dimensionalized growth rate σ for both symmet-
ric and asymmetric snapping shells. The growth rate of the asymmetric
snapping is calculated by tracking the apex motion in phase 2 of the
deformation.
for the asymmetric snapping shells are around 0.3, which is slightly larger than the
axisymmetric case. Figure 3·5 shows the growth rate for both axisymmetric and
asymmetric snapping shells. As the shell go from shallow to deep and axisymmetric
snapping transforms to asymmetric snapping, the growth rate will have an noticeable
jump in the transition of the two snapping modes.
Conclusion We studied the snapping dynamics of spherical shells with various
geometric shapes. High speed cameras are used to capture the snapping process of
the shells, and the growth rates of the snapping were studied by tracking the apex of
shells. As the spherical shell goes from shallow to deep, the symmetric snapping mode
will transform to asymmetric snapping mode. In the case of symmetric snapping for
shallow shells, the non-dimensionalized growth rate is between 0.1 and 0.3. In the
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rate.
case of asymmetric snapping, the shell will first buckle from the symmetric shape to
anti-symmetric shape and then snaps to the original symmetric shape. The growth
rate of the second phase of the asymmetric snapping is slightly larger than that of
the symmetric snapping. The results in this paper can help the design of functional
devices that utilize snap-through instability of spherical shells.
3.4 Future Work
Shell’s behavior near the critical point will be influenced by the critical slowdown
effect. How the critical slowdown influence the dynamics of the shell during the
snap-through process in an interesting topic for future study.
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Chapter 4
Snapping of Bistable, Prestressed
Cylindrical Shells
4.1 Introduction
Multistable structures made with soft materials can reversibly change between stable
configurations through a snap–through elastic instability. Snap–through is a limit
point instability (Thompson and Hunt, 1984) that is commonly observed in the ev-
ersion of an umbrella on a windy day, or in the jumping of a toy popper (Pandey
and Holmes, 2013). Such structures have utility in engineering and material systems
due to their ability to remain in an alternate configuration following the removal of
the applied stimulus. Bistable structures have been used in the design of biomedi-
cal devices (Gonc¸alves, 2003), micro–electromechanical systems (Hsu and Hsu, 2003;
Das and Batra, 2009), energy harvesters (Pellegrini et al., 2013; Harne and Wang,
2013), morphing structures (Thill et al., 2008; Fernandes et al., 2010; Pirrera et al.,
2010), and architected materials that trap strain energy (Shan et al., 2015). The
snap–through of these bistable systems can be triggered by a wide range of stim-
uli, including temperature (Jakomin et al., 2010), light (Shankar et al., 2013) and
swelling (Xia et al., 2010; Holmes and Crosby, 2007; Pezzulla et al., 2017b).
Recent research has focused on the snap–through of shells induced by non–mechanical
stimuli, such as an evolving natural curvature (Pezzulla et al., 2017a; Pezzulla et al.,
2017b). Such structures often do not possess a stress–free equilibrium configuration,
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and are therefore modeled using a non–Euclidean shell theory (Efrati et al., 2009).
The critical natural curvature needed to induce snapping of a bistable, stress–free
cylindrical shell was recently shown to be proportional to the shell’s initial curva-
ture (Pezzulla et al., 2017a). The snap–through of prestressed cylindrical shells in
response to a mechanical force is commonly encountered in structures such as tape
springs, tape measures, and toy snap–bracelets (Kebadze et al., 2004), but little
is understood about the response of these shells to non–mechanical stimuli. Non–
mechanical loading of prestressed shells is particularly relevant to electrically active
polymers (EAP) wherein dielectric elastomers are deformed in response to an applied
voltage (Carpi et al., 2011).
The voltage–induced stretching of EAPs is inversely proportional to the material’s
thickness (Pelrine et al., 2000), which has led researchers to significantly prestretch
the nearly incompressible dielectric elastomers to reduce their thickness. When EAPs
are made of multiple active and passive layers, applying voltage to one active layer
will differentially stretch that layer with respect to the rest of the material, causing
it to bend with a voltage–induced natural curvature. This process is analogous to
the heating of bimetallic strips wherein temperature generates a natural curvature in
the beam. Maintaining either a large stretch or bending deformation in a dielectric
elastomer requires the continued application of an applied voltage, which has a high
energetic cost and often leads to material failure through dielectric breakdown (Huang
et al., 2012; Tro¨ls et al., 2013). While this material instability is irreversible, re-
versible elastic instabilities can also be triggered, including creasing and wrinkling
instabilities in the presence of surface tension (Park et al., 2013; Zhao et al., 2007),
bending (Christianson et al., 2017) and buckling (Tavakol and Holmes, 2016) using
fluid electrodes, and snap–through instabilities in the presence of pressure (Zhao and
Wang, 2014; Zhao and Suo, 2010; Suo et al., 2008; Suo, 2010). Elastic instabilities
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present an alternate means for generating functionality in EAPs, as they enable soft,
multistable structures to reversibly snap between configurations triggered by voltage
only applied for a short amount of time.
In this chapter, we examine the bistability of prestressed shells loaded by a non–
mechanical stimulus. We will first generalize the stimulus as one that induces a
stretch in the material, and describe how the magnitude of prestretch applied to a
flat, bilayer plate dictates the curvature of the resulting prestressed shell. Second, we
will identify the geometric criteria for inducing snap–through of a prestressed shell.
To accomplish the first step, we establish relationships between the prestretch and the
natural curvature, and then determine the relationship between the natural curvature
and the resulting shell’s mean curvature using non–Euclidean shell theory. Then, we
will examine how much stretch–inducing stimulus, e.g. voltage, is needed to induce
snapping of these shells as a function of geometry and prestress.
4.2 Curvature-driven morphing of non-Euclidean shells
Thin structures change shapes to non-mechanical stimuli, which can be interpreted as
variations in the structure’s natural curvature (Pezzulla et al., 2017a). We studied the
growth of shells induced by variations in natural curvatures. The three-dimensional,
non-mechanical stimulus can be reduced to natural first and second fundamental
forms of the mid-surface of the structure with the application of non-Euclidean shells.
We applied the model to structures ranging from flat plates to spherical shells and
get very good agreement between the theory and the numerics.
4.3 Problem description
Consider two dielectric elastomer plates that are stretched in orthogonal directions
and bonded together (Fig. 5·1). Upon release of the prestretch, the disks will buckle
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Figure 4·1: A shell in its reference state embedded in theEuclidean
space.The tangent coordinates (η1, η2) are shown as well as the covari-
ant base vectors.
Figure 4·2: Isometric bending of cylinders. (a) The theoretical predic-
tion for the mean curvature (solid line) captures the numerical results
for cylinders (blue symbols) as well as the numerical and experimen-
tal results (grey symbols) for the bending of bilayer plates. (b)Energy
profles from theory (solid lines) and three-dimensional numerical simu-
lations (symbols) for h/R = (0.02, 0.04, 0.08). (c) Dimensionless snap-
ping natural curvature from theory (solid line) and three-dimensional
numerical simulations (symbols).
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Figure 4·3: Isometric bending of cones. Dimensionless mean cur-
vature as a function of z/l for three different values of natural cur-
vature κ¯Ro = (0.07, 0.73,−1.43) and cl/Ro = −0.4 from the analyt-
ical model (solid line), numerical constrained minimization (dashed
line) and 3D numerical results (symbols), and corresponding deformed
shapes (left). Plot of Hκ¯ versus cl/Ro from the analytical model (solid
line), numerical constrained minimization (dashed line) and 3D nu-
merical results (symbols). Three different cone geometries are shown
for cl/Ro = −1, 0, 1, from left to right (right).
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Figure 4·4: a. The fabrication of the bistable shell. In practice, two
rectangular sheets were first stretched and bonded together, then a
circular disk is cut from the bilayer sheets. b. Illustration of a bilayer
beam. The top layer is active while the bottom layer is passive. c. Two
beams cut from orthogonal directions of the shell. κo1 and κo2 are the
stress free natural curvatures of the two beams.
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into a bistable, prestressed cylindrical shell with a mean curvatureH = 1/2(κ1+κ2) 1.
Since the stretching energy of a thin shell is proportional to the thickness h, while the
bending energy is proportional to h3, it is generally suitable to determine the mean
curvature of the deformed shell by assuming it deforms isometrically, and minimizing
the shell’s bending energy. This approach was previously used to determine the
deformed shape of bilayer plates where one layer was subjected to a homogenous,
spherical curvature–inducing stimulus (Pezzulla et al., 2016; Pezzulla et al., 2017a).
This work found that in the isometric limit, the mean curvature of the resulting
cylinder is given by
H = 1 + ν
2
κo, (4.1)
where ν is Poisson’s ratio, and κo is the natural curvature. The natural curvature
can be thought of as the curvature a 1D beam would adopt if cut from the cylindrical
shell’s surface. The 1D object can exactly adopt the curvature stimulus, while the
plate or shell in general cannot due to conditions required for geometric compatibility.
This problem was later generalized to a non–spherical curvature–inducing stimulus,
with a curvature–inducing stimulus being applied in two orthogonal, principal direc-
tions, and the mean curvature of the resulting cylinder was found to be (Pezzulla
et al., 2017a)
H = 1
2
(κo1 + νκo2) , (4.2)
where κo1 and κo2 are the natural curvature of the two beams cut from the shell in
principal directions (Fig. 5·1). We note that equation 4.2 reduces to equation 4.1
when curvature–inducing stimulus is spherical, i.e. κo1 = κo2 = κo.
Describing the mean curvature of a residually stressed shell in terms of the mag-
nitude of the applied, curvature inducing stimuli is useful if the magnitude of this
1Experimentally, this can be accomplished by stretching two rectangular disks, bonding them
together, then cutting a circular shape from the bilayer disk before releasing the external force.
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stimulus is known. Previous studies have used the residual swelling of elastomeric
plates as a means for inducing curvature in an object (Pezzulla et al., 2015), and the
magnitude of that residual curvature was determined by measuring the curvature of
a bilayer beam of the same material and thickness as the plates (Pezzulla et al., 2016;
Pezzulla et al., 2018). In general, this approach may not be possible. Here, we seek
a relationship between the stretch applied to the plates and the resulting cylindrical
shell’s mean curvature. The relationship between the swelling–induced stretch of one
layer relative to another was determined by Lucantonio et al. in the context of a bi-
layer beam with one active layer that swells by λ, and one passive layer (Lucantonio
et al., 2014). For simplicity, we adapt the expression for κo as a function of λ that was
given for bilayers with arbitrary thickness and moduli ratios (Lucantonio et al., 2014;
Pezzulla et al., 2016) to a beam with layers of equal thickness and equal modulus,
which leads to
κo = − 3
8h
1 + λ(λ+ 14)
(λ+ 1)2
λ− 1
λ
, (4.3)
where κo is the natural curvature of a bilayer beam under homogeneous stretch. As
expected, the final curvature of the beam is proportional to 1/h.
The prestrain of nearly incompressible dielectric elastomers in the formation of
electrically active polymers can be over 100%, leading to a non–negligible thickness
change due to the Poisson effect. This thickness change will affect the natural curva-
ture, and in the case of homogeneous stretch of the active layer, the final thickness will
be ht =
h
2
(λ+ 1), while the final thickness of the passive layer will be hb =
h
2
(λ−1 + 1)
due to the Poisson effect. Therefore when the active layer is incompressible, the
natural curvature of the beam is:
κo1 = −κo2 = F(λ) =
ht
hb
κo =
1 + λ
1 + λ−1
κo . (4.4)
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From equations (4.2) and (4.4), we find that the mean curvature of a prestressed
cylindrical shell as a function of λ and accounting for a change in thickness will be
H =
1− ν
2
(
1 + λ
1 + λ−1
)
κo . (4.5)
4.4 Numerical Simulation
We verified equation (4.5) by performing numerical simulations on circular bilayer
plates with thicknesses h ∈ [1, 10] mm, radii R ∈ [10, 100] mm, and prestretch
1/λ ∈ [1.01, 1.1]. The simulations were performed by using the commercial software
COMSOL Multiphysics with a neo-Hookean incompressible material model. Plates
were made of two layers: the active layer was subjected to a distortion field Fo1 =
λe1 ⊗ e1 + 1e2 ⊗ e2 + λ−1e3 ⊗ e3, whereas the passive layer was subjected to Fo2 =
1e1⊗e1 +λe2⊗e2 +λ−1e3⊗e3, where (e1, e2, e3) is the Cartesian basis. The geometry
of the deformed shell was determined by the two natural curvatures κo1 and κo2 in
eq. 4.2. The dimensionless mean curvature Hh is measured along the two principal
directions of the final prestressed cylindrical shell from the simulation is compared
with the analytical results from equations (4.2) and (4.5) in Fig. 4·5c & d.
Having established how to generate a cylindrical shell with a desired mean cur-
vature, we now focus on inducing a snap–through instability of this bistable shell.
Snapping between these orientations will occur if the shell’s natural curvature is re-
duced along the cylinder’s directrix. From equations (4.3) and (4.4), we know that
the natural curvature can be correlated to a change in the stretch of one layer relative
to another. Recent work on electrically active polymers has utilized the anisotropic
actuation of dielectric elastomers of carbon nanotube electrodes to generate uniaxial
stretch in the direction of fiber orientation (Cakmak et al., 2015; Fang et al., 2017),
so we will examine the response of these bistable shells to the uniaxial stretch along
the directrix of one layer.
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Figure 4·5: a. Numerical simulations of two possible configurations for
bilayer prestressed bistable shells. The color map represents the mean
curvature of the shell. b., A plot of the mean curvature normalized by
the plate’s initial thickness as a function of the natural curvature from
the applied stimulus; ( ) numerical results, ( ) equation 4.2. c. A plot
of the normalized mean curvature as a function of the mechanically
applied prestretch λ; ( ) numerical results, ( ) equation 4.5.
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The bistability of the cylindrical shell was recently considered for stress–free shells
subjected to a spherical curvature–inducing stimulus (Pezzulla et al., 2017a). In that
work, it was assumed that the shell would snap when the total elastic energy in the
alternative configuration becomes smaller than the one in the current configuration.
Therefore, the critical natural curvature κs needed to induce snapping was obtained
by equating the elastic energies in the two configurations. It was shown that κs ∼
1/(2Rc) (Pezzulla et al., 2017a). Fig. 4·6a. shows the mean displacement of a bilayer
cylindrical shell subjected to an isotropic stretch Λiso of one layer, while fig. 4·6b.
shows the mean displacement of a prestressed cylindrical shell subjected to a uniaxial
stretch Λ11. Λisoc and Λ11c are the critical stretches to trigger the snapping and are
illustrated in fig. 4·6. For stress free cylindrical shells, the stretch along the directrix
is unable to induce the snapping, therefore we can only use isotropic stretch λiso for
them. The dashed curves in the plots represent unstable states that is impossible
to achieve during continuously increasing stimuli. By equating the elastic energies
before and after snapping, we obtain the inflection point (red dot) of the dashed
curves in Fig. 4·6. For the snapping of stress–free cylinders, the inflection point of the
dashed curves is very close to the critical Λc needed to induce snapping. Therefore,
the theoretical value from the energy balance represents a good prediction of the
snapping critical states. However, for the snapping of bilayer prestressed shells, the
inflection point and actual snapping point are separated by a finite, non-negligible
stretch (Fig. 4·6). Therefore, to identify the critical stretch of a prestressed shell it is
clear that we need to identify an alternative criterion for snap–through.
While a prestressed cylinder adopts a mean curvature H on average, it does not
adopt this curvature at every point. As can be seen in Fig. 4·7a & b, while the
directrix adopts a curvature of 2H, the residual stress causes a portion of the shell
boundary along the generatrix to adopt a non–zero curvature. The bulk of the shell
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Figure 4·6: a. The surface average displacements versus stimuli plot
for the snapping of a bilayer cylinder. b. The surface average displace-
ments versus stimuli plot for the snapping of a bilayer prestressed shell.
c. The required stimuli to trigger the snapping Λ11c versus Hh. d. The
required stimuli versus prestretch for shells with fixed Hh and R.
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Figure 4·7: a.The shape change of a prestressed cylindrical shell under
external stimuli and after snapping. b. The shape change of the two
beams in the mid-surface of the shell during the deformation process
under external stimuli. Notice that the curvature at the boundary
of line b remain a constant during the deformation process under the
external stimuli. c.The Gaussian curvature at the boundary is linearly
related to the natural Gaussian curvature of the prestressed cylindrical
shell.
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adopts an isometry in response to the prestretch, resolving the incompatibility of the
applied stimulus and the geometry of the surface. In the boundary, which behaves
more like a thin, beam–like region of width ` ∼ √Rh, no such incompatibility exists,
and so the shell is bending dominated and will try to adopt the natural Gaussian
curvature, Ko = κo1κo2 . Therefore, we expect the Gaussian curvature at the end
points of the generatrix in the two principal directions of the prestressed cylinder, i.e.
K|g = (κ1κ2)|g, to be proportional to the natural Gaussian curvature,
K|g = γKo , (4.6)
in which K|g is evaluated at a point at the end of the generatrix, and γ is a constant
that depends on the prestress. Fig. 4·8a shows the data points of K|g and Ko from
numerical simulations. The regression line gives γ ≈ 0.207.
As shown in Fig. 4·7, we observe that as we gradually apply the stimulus that
induces a stretch along the directrix of the prestressed cylindrical shell, the shell will
start to unroll while κ2|g remains at a constant value of κ2|g ≈ −2H. We observe
numerically that when the shell snaps, the directrix will rotate by pi/2 and will adopt
a curvature of κ2 = −2H. From the observations that K|g = γKo and that at snap–
through κ2 = κ2|g = −2H, we aim to identify the critical natural curvature needed
to induce snap–through.
To identify the critical snapping curvature, we seek to minimize the strain energy
in the boundary layer, while constraining the Gaussian curvature in the boundary
layer to remain constant and equal to γKo with a Lagrange multiplier. We neglect
the stretching effect in formulating the strain energy of the shell inside the boundary.
The total bending energy in the boundary can be written as
U |g = h
2
3
∫ [
(1− ν)tr(b− b¯)2 + νtr2(b− b¯)] dω (4.7)
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we integrate over a length between R − √Rh ≤ r,≤ R ∀θ, where tr is the trace
operator with respect to the natural first fundamental form at the boundary a¯, dω is
the relaxed area element that defined as
√|a|dη1η2. | · | is the determinant and dηα
are the coordinates along the surface. be and b¯e are the second fundamental form of
the shell describing current and natural state respectively. In our problem, b11 = κ1|g,
b22 = κ2|g, b12 = b21 = 0, b¯11 = κo1|g, b¯22 = κo2|g, b¯12 = b¯21 = 0. Based on eq. (4.6),
we constrain the Gaussian curvature at the boundary to equal γKo,
η (K|g − γKo) = 0, (4.8)
where η is the Lagrange multiplier. The functional to be minimized corresponds to
the bending energy augmented by the constraint given by equation 4.8, and is given
by
f(κ1|g, κ2|g, η) = U b|g(κ1|g, κ2|g)− η (K|g − γKo) . (4.9)
Minimization with respect to κ1|g, κ2|g, and η leads to the following equation
νκ1|g + κ2|g + (1− ν)κo1 = 0 . (4.10)
By solving eq. (4.6) and (4.10), we get the expressions of κ1|g and κ2|g in terms of κo1 ,
ν and γ. Since this boundary curvature is found to be equivalent to κo2 = κ2|g = −2H
at snap-through, the mean curvature for the shell right after snap can be expressed
as:
Hs = 1
4
(
(1− ν) +
√
(1− ν)2 + 4νγ
)
κo2 . (4.11)
On the other hand, by eq. (4.2), the mean curvature of the shell is also determined
by the two natural curvatures along orthogonal directions. Therefore if we use eq. 4.2
with κo1s to represent the natural curvature along the directrix right before the snap-
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ping, then the criteria of the critical snapping state:
κo1s =
1
2ν
[
1 + ν −
√
(1− ν)2 + 4νγ
]
κo1 . (4.12)
In the case of incompressible material, i.e. ν = 0.5, and with the value of λ from
eq. (4.6), eq. (4.12) becomes κo1s ≈ 0.69κo1 , which implies that as the prestressed
incompressible cylindrical shell unrolls as a result of the uniaxial external stimuli,
it will snap to its alternative configuration when the natural curvature decreases to
0.69 of its original value. Based on this result, we can further establish a relationship
between the uniaxial external stimulus Λ11c and the prestretch λ. In eq. 4.12 both κo1
and κo1s are governed by the stretches inside the material, which can be calculated
by κo1 = −κo2 = F(λ) that is described in eq. 4.4. Therefore by combining eq. 4.4
and 4.12 we have the following relationship
F(λ+ Λ11c) =
1
2ν
[
1 + ν −
√
(1− ν)2 + 4νγ
]
F(λ). (4.13)
By Taylor expanding the function F(λ) around 1 up to order 2, we can solve eq. 4.13
and get the relationship between Λ11c and λ. In the case of ν = 0.5 and by using
γ = 0.207, the results can be simplified to
Λ11c = 0.315(1− λ) +O(λ2), (4.14)
The results are verified in fig. 4·8c. Eq. 4.12 and 4.13 proposed two ways of looking
at the critical snapping conditions for the prestressed shells under uniaxial external
stimuli, which are essentially the same.
4.5 Electrically Activated Soft Bistable Actuators
We discussed bilayer prestressed bistable shells in the previous parts. In actual engi-
neering applications, sometimes we need to design shells with more than two layers
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Figure 4·8: a. The natural curvature along the directrix when the
shell snaps versus the natural curvature along the directrix before the
input of external stimuli. b. The external stimuli to trigger the snapping
versus prestretch amount.
of materials. In the collaboration with Professor Tushar K. Ghosh’s group, we get in-
sights from the movement and morphing in biological system and try to look into the
development of advanced engineering structures. We designed a trilayered bistable
all-polymer laminate contatining dielectric elastomers(DEs), which is an electrically
active material. The laminating strategy, together with the prestress we applied, can
induce tunable bistability to the trilayer laminate. Reversible shape transition and
morphing can be achieved with the electromechanical response of the DE film.
4.6 Conclusion
In this Letter, we focused on a generic stimulus that induces a natural curvature on
thin, initially stress–free plates. The natural curvature was correlated to a prestretch
λ of one layer relative to another, and was used to determine (1.) the shape of re-
sulting residually stressed cylinder, and (2.) the subsequent prestretch required to
induce snap–through of the cylinder. Calculation of the shape of the residually stress
shell was accomplished using non-Euclidean shell theory, and enabled the precise pre-
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Figure 4·9: a, b Biaxially stretched top and bottom DE layers forming
a trilayer laminate with the support layer in the middle. c Principle of
electroactuation of DEs. d The Maxwell stress induced unconstrained
deformation of a circular DE layer, video captured images at various
electric felds. e, f The disk actuator in states 1 and 2. g,h) The tape-
spring actuator in states 1 and 2.
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Figure 4·10: a. Blocking force plotted as a function of time. The
dashed line is added to highlight the point of snapping along the time
axis. Note that the snap-through is instantaneous. b., c. Illustrative
example of tape-spring actuator placed in a frog cut-out with a small
cubic load (8 mg) on one end of the tongue mimicking insect capture.
d., e. Close-up view of actuation (d, xz-plane) leading to snapping (e,
yz-plane) of the tongue with the mock insect at intervals of applied
voltage and time.
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diction of a cylinder’s mean curvature as a function of the prescribed prestretch. By
considering the Gaussian curvature in the boundary layer of the shell, we then iden-
tified how the cylinder’s geometry and prestress dictates the snap–through criterion.
These results will likely inform the design of bistable EAPs, in which prestretching
the dielectric elastomers is an important step in fabrication, and the application of
a voltage to the EAPs can induce an isotropic or anisotropic stretch in the material
depending on the choice of flexible electrode. The ability to use voltage to induce a
natural curvature that causes a snap–through instability will help reduce the power
required to operate EAPs, and may also reduce the frequency of dielectric break-
down since the voltage will not be required to be applied continuously to maintain
a deformation. Typical EAPs are not simple bilayer plates, but will have a more
complex multilayer structure. Therefore, additional research is necessary to extend
these results to multilayer films with different elastic properties.
4.7 Future Work
It will be interesting to study laminates with multiple layers. Will the results we find
in the bilayer and trilayer shell studies still apply in more complex situations?
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Chapter 5
Mechanics of jammed elastogranular
columns
The art of dry stone walling is considered by UNESCO to be one of the intangible
cultural heritages of humanity. Dry stone structures lack mortar, and rely upon the
precise, layer–by–layer placement of stones to provide structural integrity. In lieu of
an adhesive binder, the combination of friction and geometric interlocking provide the
structures with significant strength, a phenomenon more generally described by the
jamming of granular matter. Granular matter will jam, undergoing a phase transition
from a fluid–like state to a solid–like state, when the density of the granular packing
reaches a critical point (Liu and Nagel, 1998; Majmudar et al., 2007; Song et al.,
2008; Van Hecke, 2009). As this density increases, so does the number of contacts
that a particular grain has with its neighbors, until the packing is isostatic, and each
particle is in a state of stable mechanical equilibrium. In this jammed state, the
collective behavior of the grains is akin to a solid material – it can withstand large
applied loads in some directions while being quite fragile when loaded in others (Cates
et al., 1998). This interplay is why grains can sustain a finite angle of repose under
the influence of gravity (Jaeger et al., 1989), and yet require intricate placement or
interlocking shapes to adopt more complex forms (Aejmelaeus-Lindstro¨m et al., 2016;
Murphy et al., 2016; Aejmelaeus-Lindstro¨m et al., 2017; Dumont et al., 2018).
The addition of elastic fibers with a negligible bending rigidity to granular medium
increases the number of contacts on each grain, allowing jamming to occur at a lower
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granular packing density. In turn, the entangled network of fibers gives the grains
an intermediate scale reinforcing structure. Granular jamming caused by the con-
finement of a slender body inside a granular medium results in an intricate cou-
pling of elastogranular interactions that exhibit bending, buckling, and reconfigura-
tion (Schunter Jr et al., 2018; Algarra et al., 2018). Tuning particle shape alone has a
strong influence the mechanical response of granular materials (Murphy et al., 2016;
Athanassiadis et al., 2014), and the addition of continuous wire can reinforce jammed
granular architecture (Fauconneau et al., 2016; Liu et al., 2017; Iliev et al., 2018).
Engineering elastogranular columns and barriers presents a means for large–scale,
reversible and reusable structures (Aejmelaeus-Lindstro¨m et al., 2016; Aejmelaeus-
Lindstro¨m et al., 2017), which present modern analogs to subterranean elastogranular
reinforcement using mechanically stabilized earth (Thompson et al., 2008) using fab-
rics (Clanton et al., 2001). Here, we studied the mechanical properties of elastogran-
ular columns and arches (Fig. 5·1), demonstrate how their behavior is analogous to
tensegrity structures, and correlate fiber location to mechanical response.
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Figure 5·1: (A). Elastogranular columns increasing in scale with
a fixed volumetric ratio of fibers to grains. Jamming facilitates the
formation of elastogranular columns consisting of (B) marble chips,
(C) jelly beans, and (D) rubber spheres, and more complex structures,
such as (E) and (F) arches. All scale bars 40mm.
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Figure 5·2: Compression tests of elastogranular jammed columns.
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The structural integrity of rock-fiber jammed structures is governed by various
material properties and building variance. The focus of this study is to isolate the
influence of aggregate size and fiber deposition pattern on the mechanical properties of
a columnar structure. We choose several typical rocks and nylon fiber as the building
material, and choose a fixed size column as the form factor for our study. One kind
of rock we use is Pavestone “Antique” landscaping rock and has an angle of repose of
37 degrees. The maximum diameter of the rocks is between 18mm and 20mm. The
string is #18 Twisted Mason’s Twine, and has a stretching stiffness of 110MPa and
a diameter of 1.52mm. The column used as the form factor has a height of 120mm
and diameter of 80mm. A cylindrical paper box is used as the temporary boundary
of the columns we build. The rocks and strings are deposited layer by layer inside
this temporary boundary, which is then removed upon completion.
Preliminary experiments show that both the interior and exterior fibers have a
significant influence on the structures, but seem to lend different material properties.
Therefore, to quantify the deposition amount of the rocks and fiber strings in our
constructing process of the column, we use ψi and ψe to represent the interior and
exterior fiber-to-rock ratio respectively, i.e. ψi =
Vi
Vlayer
and ψe =
Ve
Vlayer
, where Vi is
the total volume of interior fiber in one layer, Ve is the total volume of exterior fiber
in one layer, Vlayer is the volume rock in one layer. Besides the total volume of the
string, the pattern of the deposition of the strings also makes a significant effect on
the structure based on empirical knowledge. Generally speaking, to make the best
use of the string, it should be spread over the surface, creating a net-like support
between different layers of rocks in addition to holding the boundary of the structure.
Preliminary trials suggest that overlapping circular shapes of the deposition fiber
are highly effective in terms of increasing the structure’s stability. However, it is
difficult to manually deposit the fibers in precise patterns in our relatively small size
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column, therefore, we use discrete circular strings as an alternative to continuous
string deposition. In order to quantify this idea in the experiment, we turn separate
strings into closed circular shapes via melting the ends together. The smallest circular
shape has a diameter of 32mm, which is 2
5
the diameter of the column, and the largest
circular string has the same 80mm diameter with the column. The circular strings
are deposited overlapping each other with the large one at the boundary. When the
structure is formed, the strings almost always act locally, unable to interact with
strings far away within the structure, so we would expect the discrete circular fibers
will not change the structures’ properties in a significant way relative to continuously
deposited string.
5.1 Analysis
When the string-to-rock ratio is too small, the cylindrical structure will not form or
will be very unstable. When the fiber-to-rock ratio is large enough, we can get a very
stable structure that can withstand large and repeated compression forces.
From our experiment, a reasonable range of string-to-rock ratios can be deter-
mined which will produce a column that is stable and can hold a promising amount
of compression force. Now we will determine the mechanical response of such a col-
umn under compression. We observe that after the first round of compression, the
column experiences a significant permanent displacement which is the result of inter-
nal rearrangement and compaction of the rocks and strings. However, after several
cyclic compressions, the structure’s behavior becomes much more stable. Therefore,
we compress the column all the way to 450N in the initial loading, then ten cyclic
compression tests are done on the structure with a fixed maximum load of 200N
followed by five fixed maximum displacement tests. Figure 5 shows the full loading
process of our experiment.
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The force vs extension curve is not linear, and we have yet to find a constitutive
model that can be easily applied to our structure. This makes it difficult to study
the stiffness of the column in conventional terms. However, if we look solely at the
latter or upper part of the force-extension curve, we can see it is very close to being
linear, which can give us an approximate understanding of the stiffness of the column.
We choose the last loading cycle in the fixed load cyclic test as the exemplary cycle,
considering it is the most stable one. We study the curve lying between loads of
100N and 200N , and use linear curve fitting to obtain the slope of this curve as
a measure of stiffness. Figure 5·3 shows the correlation between stiffness and the
interior and exterior fiber-to-rock ratio. As seen in the plot, increasing the amount
of purely exterior/boundary fiber can significantly increase stiffness, while increasing
the amount of interior fibers will slightly decrease the stiffness of the column.
Increasing the interior fibers has a negative impact on the stiffness of the col-
umn yet apparently contributes to the overall stability of the structure, implying the
involvement of other material properties. In elastic materials, we use resilience to
describe the maximum amount of elastic energy the structure can store. Inspired
by this, we study the elastic energy stored in the column in one loading cycle as our
measure of resilience. Figure 5·3 shows the elastic energy that the column stores in its
final loading cycle with varying fiber-to-rock ratios. We observe that the interior fiber
contributes to the resilience-like property of the structure, while increasing exterior
fiber amounts seems to show little to no effect. By changing the arrangement of the
exterior and interior fiber amount, we can design a structure with desired stiffness
and resilience.
Figure 5·3 (preceding page): Effects of exterior and interior fiber
on the structural integrity of elastogranular jammed columns.
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5.2 Model
The exterior and interior fiber contribute differently to the structural integrity of
the jammed column. The exterior fiber provide Hooke stress to constrain the radial
deformation and therefore increase the stiffness of the column. On the other hand,
the interior fiber bring elastic behavior to the structure and can increase the resilience
and toughness of the column. We consider a linear elastic tube. The inner and outer
radius of the tube are R and Ro, respectively. A uniformly distributed compression
force F is applied on the top surface of the granule inside the elastic tube. The
granular column can be considered as under hydrostatic pressure p = F
A
, where A is
the surface area of the column. The elastic tube therefore will be under the pressure
pi = −p on the internal surface. By solving this classic problem of open ended elastic
tube under internal pressure, we can get the stress and strain of the tube on the
internal surface, i.e.
σr|r=R = −pi (5.1a)
σθ|r=R = − 2R
2pi
R2o −R2
(5.1b)
r =
1
Et
(σr − νσθ) = pi
Et
(1 +
2νR2
R2o −R2
) (5.1c)
Therefore the radius of the deformed granular column is Rnew = (1 + r). Notice that
the volumn of the grannular column remains constant under the assumed hydrostatic
pressure state, so we have Vvolumn = piR
2H = piR2newH(1− z), where z is the strain
along the vertical direction of the grannular column. By solving this equation, we
can get
z =
pi
Et
(1 + 2νR
2
R2o−R2 )
1 + pi
Et
(1 + 2νR
2
R2o−R2 )
(5.2)
Therefore the elastic modulus of the grannular column can be computed as Ec = p/z.
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a. b.
Figure 5·4: The stiffness of the granular column inside an elastic tube
a.
Figure 5·5
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5.3 Conclusion
In this chapter, we studied the correlation between fiber-to-rock ratios, fiber/rock
properties and the structural integrity of the jammed entities by choosing a fixed size
column as the form factor. Exterior and interior fibers contribute to the structural
integrity of the jammed column in a very different way. The exterior fibers can con-
strain the lateral expansion of the column under compression, therefore increase the
stiffness of the structure. The interior fibers, on the other hand, provide supporting
layers between the rocks and therefore make the structure more “elastic”. The inte-
rior fibers can increase both the resilience and toughness of the column, making it be
able to store more elastic energies and absorb larger energy coming from work done
by external forces. The results can be used to guide the design of jammed rock-fiber
composite structures and allow designers to get desired structural integrity.
5.4 Future Work
We studied the strctural integrities of jammed elastogranlar columns in this chapter.
How those structures behave dynamically is worth studying in the future. As a novel
method to construct barriers and other structures, it is necessary to find out the
performance of those structures under complex loading conditions. In addition, quick
deposition tools can be designed to increase the speed of the construction.
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Chapter 6
Conclusions
6.1 Summary of the thesis
This work focuses on the understanding of how mechanics and geometry govern the
snap-through instability of shell structures. By utilizing the snap-through instability,
engineers can design various responsive devices. The results given by this research
can provide fundamental guidelines for utilizing the snap-through instability of shells
in engineering designs.
Driven by the goal to use snap-through instability to design functional devices, we
studied both statics and dynamics of spherical shells, prestressed shells and coupled
shells. By studying the stability of axisymmetric everted shells, we determine a geo-
metric criteria that can predict whether a spherical shell is bistale or monostable. By
point load compression tests, we study how stable a shell is in its everted configura-
tion, and under what conditions it will snap to its original configuration. The results
reveal that as the spherical shell goes from shallow to deep, the snap-through would
transform from axisymmetric to asymmetric, which further trigger our curiosity in
exploring the snapping dynamics when an everted shell snaps to its original shape.
High speed cameras are used to capture the snapping process of shells with various
geometries and confirmed the snapping mode transition as the shell becomes deeper.
In addition, the motion of the apex of the everted shell is tracked during the snapping
process, and the non-dimensionalized growth rate of the snapping turns out to be a
constant.
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Although spherical shells can snap between two configurations, it usually requires
a harder work to make the original shell snap compared with triggering the snapping
of an everted shell. Prestressed shells made with two prestretched elastomer films,
however, have two configurations that are totally the same in geometry, which is
ideal for certain engineering designs that favor reversible snap-through with the same
amount of stimulus. In order to fully understand how geometry and other designing
parameters govern the final shape of the bistable prestressed shells, we proposed an
analytical model based on Non-Euclidean Plate theories, which matches well with
our numerical simulations. The external stimulus needed to trigger snapping is also
studied under various conditions, and the corresponding results can help to trigger the
snapping of those prestressed shells using controlled amount of energy in engineering
designs.
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Appendix A
Supplementary Information
A.1 Basic Concepts
Explanation for some concepts.
Euclidean space Euclidean space is linear. One way to define this it to define
all points on a cartesian coordinate system or in terms of a linear combination of
orthogonal basis vectors.
Frenet-Serret Formulas In differential geometry, the Frenet-Serret formulas de-
scribe the kinematic properties of a particle moving along a continuous, differentiable
curve in three-dimensional Euclidean space R3, or the geometric properties of the
curve itself irrespective of any motion. The formulas relate inherent properties of a
parametrized curve. They can be written in matrix form as T˙N˙
B˙
 =
 0 κ 0−κ 0 τ
0 −τ 0
 TN
B
 (A.1)
where T is the unit tangent vector, N is the unit normal vector, B is the unit binormal
vector, τ is the torsion, κ is the curvature, and x˙ denotes dx/ds.
Conjugate Variables In thermodynamics, the internal energy of a system is
epxressed in terms of pairs of conjugate variables such as temperature and entropy
or pressure and volume. All thermodynamic potentials are expressed in terms of
conjugate pairs. The product of two quantities that are conjugate has units of energy
or sometimes power.
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A.2 Beam Equations
The small deflection Euler-Bernoulli Beam Equation
d2
dx2
(EI
d2w
dx2
) = q(x) (A.2)
If the bending rigidity EI is a constant, then
EI
d4w
dx4
= q(x) (A.3)
If EI and N are both constants, then the bending equation considering axial force
can be written as
EI
d4w
dx4
+N
d2x
dx2
= q(x) (A.4)
A.3 Plate Equations
A.3.1 Small Deflection Bending of Thin Plates
The differential equation for the deflection of the plate
∇2(B∇2w)− (1− ν)♦4(B,w) = q (A.5)
If B is a constant, then A.5 can be written as
B∇4w = q (A.6)
Consider a plate under middle-surfaces forces, the plate equation becomes
∇2(1
t
∇2Φ)− (1 + ν)♦4(1
t
,Φ) = 0 (A.7)
When the thickness h is constant, A.35 becomes
∇4Φ = 0 (A.8)
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A.3.2 Considering the Longitudinal Deformation of Plates
The differential equation for the deflection of a plate of varying thickness, including
the effect of the middle-surfaces forces
∇2(B∇2w)− (1− ν)♦4(B,w) = q +♦4(Φ, w) (A.9)
If the thickness is constant, then
B∇4w = q +♦4(Φ, w) (A.10)
A.4 Dynamic Beam Equations
A.4.1 Transverse Vibration of a String
The forced-vibration equation of the nonuniform string
∂
∂x
(
N
∂w(x, t)
∂x
)
+ q(x, t) = ρ
∂2w(x, t)
∂t2
(A.11)
If the string is uniform and the tension is constant, then Eq. A.11 reduces to
ρ
∂2w(x, t)
∂t2
−N ∂
2w(x, t)
∂x2
= q(x, t) (A.12)
If q(x, t) = 0, we can get the free-vibration equation of the string
ρ
∂2w(x, t)
∂t2
−N ∂
2w(x, t)
∂x2
= 0 (A.13)
It can also be written as
∂2w(x, t)
∂t2
− c2∂
2w(x, t)
∂x2
= 0 (A.14)
where
c =
√
N
ρ
(A.15)
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Eq. A.14 is known as the wave equation.
A.4.2 Longitudinal Vibration of a bar
ρ
∂2u
∂t2
+ E
∂2u
∂x2
= 0 (A.16)
It can also be written as
∂2u
∂t2
+ c2
∂2u
∂x2
(A.17)
here
c =
E
ρ
(A.18)
A.4.3 Lateral Vibration of Beams
ρA
∂2w(x, t)
∂t2
+ EI
∂4w(x, t)
∂x4
= 0 (A.19)
It can also be written as
∂2w(x, t)
∂t2
+ c2
∂4w(x, t)
∂t4
(A.20)
where
c =
√
EI
ρA
(A.21)
The free vibration solution can be found using the method of separation of variables
as
w(x, t) = W (x, t)T (t) (A.22)
The natural frequencies of the beam are computed as
ω = β2
√
EI
ρA
(A.23)
Here β is called the wave number. The function W (x) is known as the normal mode or
characteristic function of the beam and ω is called the natural frequency of vibration.
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For a beam, there will be an infinite number of normal modes with one natural
frequency associated with each normal mode.
A.4.4 Lateral Vibration of Beam Considering the Effect of Axial Force
ρA
∂2w
∂t2
+B
∂4w
∂x4
+N
∂2w
∂x2
= 0 (A.24)
A.5 Shell Equations
A.5.1 Donnell-Mushtari-Vlasov Equation
Assume the Airy stress function is ψ(r), then σrr = ψ/r and σθθ = ψ
′. The geometri-
cally nonlinear shallow shell equations for the displacement of the shell surface w(r)
can be written as
B∇4w + 1
R
1
r
d
dr
(rψ)− 1
r
d
dr
(
ψ
dw
dr
)
= 0 (A.25a)
1
Y
1
r
d
dr
{
r
d
dr
[
1
r
d
dr
(rψ)
]}
=
1
R
∇2w − 1
2r
d
dr
(
dw
dr
)2
(A.25b)
where Y = Eh is the stretching stiffness of the shell and B = Eh3/12(1 − ν2) is its
bending stiffness.
A.5.2 Nondimensionalize the DMV Equation
We begin by non-dimensionalizing these equations, letting
W = wR/L2, ρ = r/L,Ψ = ψ/(Y L3/R2) (A.26)
to give
∇4W + 1
ρ
d
dρ
(ρΨ)− 1
ρ
d
dρ
(
Ψ
dW
dρ
)
= 0 (A.27)
and
1
ρ
d
dρ
{
ρ
d
dρ
[
1
ρ
d
dρ
(ρΨ)
]}
= ∇2W − 1
2ρ
d
dρ
(
dW
dρ
)2
(A.28)
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where
 =
BR2
Y L4
=
h2R2
12(1− ν2)L4 ≡
h2
48(1− ν2)H2 . (A.29)
We note that the parameter  may be expressed in terms of the arch height H =
L2/2R; we find
 =
h2
48(1− ν2)H2 . (A.30)
This is useful because it gives  in terms of the thickness/arch height ratio. We note
that both (A.27) and (A.28) can be integrated once to give
ρ
d
dρ
(∇2W)+ Ψ(ρ− dW
dρ
)
=
F
2pi
(A.31)
and
ρ
d
dρ
[
1
ρ
d
dρ
(ρΨ)
]
= ρ
dW
dρ
− 1
2
(
dW
dρ
)2
(A.32)
Here we are including the constants of integration explicitly: the first vanishes, F = 0,
because there is no force applied to the shell. We shall also assume that A = 0, though
we should think further about why this is the case.
Note that the everted shell, i.e. W = ρ2, Ψ = 0 is an exact solution of these
equations. However, this solution has ∇2W = 4 and so is incompatible with the
zero torque boundary conditions that we would like to impose at ρ = 1. In practice
there is a boundary layer (for small ) that matches from the perfectly everted shell
to make sure that such boundary conditions are satisfied. (We should investigate
this in due course.) It is natural to investigate the behaviour of perturbations to this
perfectly everted shape, though we shall not assume that such perturbations are small
— we envisage this as simply being a way to find solutions other than the trivial,
undeformed state.
Let
W = ρ2 + F, Ψ = G. (A.33)
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Then (A.31)-(A.32) become
ρ
d
dρ
(∇2F)−G(ρ+ dF
dρ
)
= 0 (A.34)
and
ρ
d
dρ
[
1
ρ
d
dρ
(ρG)
]
= −ρdF
dρ
− 1
2
(
dF
dρ
)2
. (A.35)
It is equations (A.34)–(A.35) that we solve subject to boundary conditions that re-
main to be discussed.
For a shallow spherical cap, we wish to find a shape that has zero moment and
force at its edge, ρ = 1, and no stress there. In the original variables, these boundary
conditions read
∇2W ∣∣
ρ=1
= ρ
d
dρ
(∇2W)∣∣∣∣
ρ=1
= Ψ(1) = Ψ′(1) = 0. (A.36)
Note that because of the form of the first integral the second of these conditions is
automatically solved with the third. At the origin, we expect there to be no radial
displacement of the shell (ur = 0) and zero slope (the zero moment condition should
be satisfied automatically because of the extra ρ that turns up there). We therefore
have
dW
dρ
∣∣∣∣
ρ=0
= lim
ρ→0
(ρΨ′ − νΨ) = 0. (A.37)
Transforming these equations into results for the perturbation quantities, we find
that the relevant boundary conditions are
∇2F ∣∣
ρ=1
= −4,
G′(1) = G(1) =
dF
dρ
∣∣∣∣
ρ=0
= lim
ρ→0
(ρG′ − νG) = 0.
(A.38)
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A.6 Dynamic Shell Equations
The dynamic DMV equation
B∇4w + 1
R
∇2ψ + ρsh∂
2w
∂t2
= 0 (A.39a)
∇4ψ − Eh
R
∇2w = 0 (A.39b)
A.7 Strain Energy in Everted Shells
The elastic energy represented by material properties and metric which introduced
by (Koiter, 1966) and recently used by (Efrati et al., 2009) can be written as
U =
Eh
8(1− ν2)
x [
(1− ν)tr(a− a¯)2 + νtr2(a− a¯)]√|a¯|dA
+
Eh3
24(1− ν2)
x [
(1− ν)tr(b− b¯)2 + νtr2(b− b¯)]√|a¯|dA (A.40)
The first part of the above equation represent the stretching energy, while the second
part shows the bending energy. The bending energy of a spherical cap can be written
as
Ub =
Eh3
24(1− ν2)
∫
u
∫
v
[
(1− ν)tr(b− b¯)2 + νtr2(b− b¯)]√|a¯|dvdu
= piB
∫
u
[
(1− ν)tr(b− b¯)2 + νtr2(b− b¯)]√|a¯|du (A.41)
Any point on the spherical cap can be represented in the spherical coordinates as
r(u, v) = (φ(u) cos v, φ(u) sin v, ψ(u)) (A.42)
In the current configuration, the unit normal at any point is
nˆ =
gu × gv
|gu × gv| = (−ψ,u cos v,−ψ,u sin v, φ,u) (A.43)
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aαβ = r,α · r,β =
[
φ2,u + ψ
2
,u 0
0 φ2
]
(A.44)
bαβ = r,αβ · nˆ = 1√
φ2,u + ψ
2
,u
[
ψ,uuφ,u − φ,uuψ,u 0
0 φψ,u
]
(A.45)
In the reference configuration
φo(u) = R sinu (A.46a)
ψo(u) = R cosu (A.46b)
So that
ro(u, v) = (R sinu cos v,R sinu sin v,R cosu) (A.47)
Thus the metric tensors in the reference configurations are
a¯ =
[
R2 0
0 R2 sin2 u
]
(A.48)
b¯ = − 1
R
[
R2 0
0 R2 sin2 u
]
= − 1
R
a¯ (A.49)
Thus √
|a¯| =
√
deta¯ = R2 sinu (A.50)
Now we compute the trace terms in the energy equation
tr(b− b¯) = a¯αβ(bαβ − b¯αβ)
= a¯αβ(bαβ +
1
R
a¯αβ)
=
2
R
+ a¯αβbαβ
=
2
R
+ a¯−1αβbαβ
=
2
R
+R−2
ψ,uuφ,u − φ,uuψ,u√
φ2,u + ψ
2
,u
+R−2 sin−2 u
φψ,u√
φ2,u + ψ
2
,u
(A.51)
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m(s) m(s) + dm
tˆ
nˆ
f(s)
Figure A·1: Free body diagram for a elastica element
tr(b− b¯)2 = a¯αγ a¯βδ(b− b¯)αβ(b− b¯)γδ
= a¯11a¯βδ(b− b¯)1β(b− b¯)1δ + a¯22a¯βδ(b− b¯)2β(b− b¯)2δ
= a¯11a¯11(b− b¯)11(b− b¯)11 + a¯22a¯22(b− b¯)22(b− b¯)22
= (a¯11)2(b− b¯)211 + (a¯22)2(b− b¯)222
= a¯−211 (b− b¯)211 + a¯−222 (b− b¯)222
= R−4
(
ψ,uuφ,u − φ,uuψ,u√
φ2,u + ψ
2
,u
+R
)2
+R−4 sin−4 u
(
φψ,u√
φ2,u + ψ
2
,u
+R sin2 u
)2
(A.52)
A.8 A view from the Elastica
To describe the arch’s curvature, we let the planar arch be parameterized by the
arclength s, the unit tangent tˆ and the unit normal nˆ. From the classical elastica
theory, the internal stress in the arch is given by the resultant force f(s) and it’s
moment m(s) about the out of plane axis. The constitutive relationship between
moment and curvature is
m(s) =
M(s)
B
= κ(s) (A.53)
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Study a element of an elastica, the balance of moment can be written as
−m(s) + (m(s) + dm) + (tˆ · ds)× f(s) = 0 (A.54)
So that
dm(s)
ds
+ tˆ(s)× f(s) = 0 (A.55)
Write force f(s) in the component form, i.e.
f(s) = (f · tˆ)tˆ+ (f · nˆ)nˆ (A.56)
By Eqs. A.53 A.55 and A.56, we can have
f · n = −κ′ (A.57)
So that Eq. A.56 can be written as
f(s) = T (s)tˆ(s)− κ′(s)nˆ(s) (A.58)
where T (s) is the unknown scalar tension defined as T (s) = f(s) · tˆ(s). Because there
is no distributed force acting on the arch, so
df ′(s) · n′
ds
= 0 (A.59)
So that
f ′(s) = 0 (A.60)
By Eqs. A.56 and A.60, we can have
T ′(s)tˆ+ T (s)tˆ′(s)− κ′′(s)nˆ− κ′nˆ′ = 0 (A.61)
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By Eq. A.61 and the following Frenet-Serret formulas[
tˆ′
nˆ′
]
=
[
0 κnˆ
−κtˆ 0
]
(A.62)
we can arrive at two scalar equations
T ′(s) + κ′(s)κ(s) = 0 (A.63a)
T (s)κ(s)− κ′′(s) = 0 (A.63b)
Integrate Eq. A.63a to have
T (s) = −1
2
κ2(s) + µ (A.64)
where µ is the constant of the integration. Inserting this into Eq. A.63b, we can get
the governing equation for the elastica arch
2κ′′(s) + κ3 − µκ(s) = 0 (A.65)
This second order ODE can be solved with boundary conditions on the curvature of
the arch at its end points.
The bending energy of the elastica can be computed by
Ub =
B
2
∫
l
κ2dl (A.66)
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We can estimate the bending energy in an everted spherical shell based on this elastica
calculation, in this way
Ub =
B
2
x
s
(κ− κ0)2ds
=
B
2
x
S
(κ− κ0)2dS
=
B
2
x
S
(κ− κ0)2R2 sinudvdu
= piBR2
∫
(κ− κ0)2 sinudu
(A.67)
Here κ0 is the curvature for the original shape of the shell, while κ is the curvature
for the everted shell. Both of them are function of solid angle u. In this way we can
estimate the bending energy in the eveted shell. Notice that we ignored the curvature
change and Poisson’s effect in the latitude direction.
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